ABSTRACT A resolution-enhanced roll-angle measurement system based on a transmission grating autocollimator is proposed. The measurement principle is analyzed in detail. The system uses a transmission grating and a mirror group to produce a pair of central symmetric differential measurement beams that enable the measurement of roll angle. Because the measurement beams transmit through the rotating grating twice, the resolution is enhanced compared to conventional grating autocollimation methods with the same device. The roll-angle resolution reached 0.1 arcsec. Additionally, the effect of laser beam drift on the stability of angular measurement is effectively suppressed by using differential measurement method, the stability of the proposed grating autocollimator after the differential measurement is 0.11 arcsec.
I. INTRODUCTION
Precision angle measurement systems play an important role in precision manufacturing and equipment [1] , precision motion control [2] , [3] , surface metrology [4] , precision instrument calibration [5] , and other precision measurement areas. The three geometric angular errors in precision measurements are the angular errors around three axes that correspond to pitch, yaw, and roll. Substantial research of angle measurement systems has been performed, including autocollimation [6] - [8] , laser interference [9] - [12] , total internal reflection [13] - [15] , and fiber optic sensors [16] , [17] . These methods can accurately determine both pitch and yaw by measuring beam-path-or beam-direction-changes. However, because roll-angle changes alter neither opticalpath nor light-beam direction, most of these systems/sensors cannot measure roll angles.
Based on previous research of roll-angle measurements, optical methods can be divided into four categories. The first category, diffraction-grating-based autocollimation [18] - [20] , use diffraction gratings as reflectors, and converts roll to a directional change of the ±1st order diffraction beam. This direction change can be detected by autocollimation.
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The second method is based on polarization detection and uses a wave plate and a polarizer to enable the measurement [21] - [23] . The wave plate is the roll sensor: when the wave plate rolls, the intensity of the beam passing through the polarizer after the wave plate changes according to calculations made through Jones matrices. The roll error can be obtained by detecting the intensity of the beam. The third method is based on geometric relation transformation [24] . It uses a cube corner retro-reflector as angle sensor, which can convert roll into the movement of a light spot on a twodimensional position sensitive detector or CCD. The roll error can be obtained by detecting the movement of the light spot during the measurement period. The fourth category is based on heterodyne interferometry [25] , [26] . It uses a wedge prism and a wedge mirror as angle sensor. Changes of the optical path in the interferometric arms that are caused by roll are differential. They are converted into a phase shift, and the roll is obtained by detecting the phase shift.
Most of these methods are difficult to combine with twodimensional angle measurements system to enable threedimensional angle measurement -with one exception: the grating-based autocollimator proposed by Gao et al. [19] . While this method enables three-dimensional angle measurements, the roll resolution is lower than pitch and yaw when done with the same measurement system, theoretically. In addition, the non-parallelism of three diffracted beams makes the system bulky, and the signal-detection part is difficult to install. In this paper, we investigate a novel grating autocollimator for roll-angle measurements. The grating autocollimator utilizes a transmission grating as angle sensor, and positionsensitive detectors (PSD) for measurements. In this system, the two measurement beams pass through a transmission grating twice, which can double the measurement resolution and eliminates the non-parallelism of the two measurement beams. Furthermore, we use a differential measurement to eliminate the measurement error caused by light-source drifts, which can realize accurate and stable measurements.
II. MEASUREMENT PRINCIPLE A. GRATING AUTOCOLLIMATOR
A typical grating autocollimator for roll-angle measurements is shown in Fig. 1 . A collimated laser beam hits a transmission grating, which is mounted on a rotary stage. This generates a 1st-order diffracted beam and a −1st-order diffracted beam. The +1 and −1 order beams are focused by collimating lenses. The focused beams are detected by PSD 1 and PSD 2 , respectively. Both PSD 1 and PSD 2 are located at the focal plane of the collimating lens so they can detect displacements of the diffracted beam focused on the detectors. Using the autocollimation-and diffraction-principle, the roll angle can be given as
where f is the focal length of the collimating lens, λ is the wavelength of the laser source and g is the grating period of the transmission grating, y 1 is the vertical displacement of the spot detected by PSD 1 , y 2 is the vertical displacement of the spot detected by PSD 2 . Because γ is a small angle, Eq. (1) can be simplified to
So the measurement resolution for roll, using Eq. (2), is given by
where y is the displacement resolution of PSD 1 and PSD 2 .
It can be seen form Eq. (2) that the accurate roll-angle γ can indeed be detected with the grating autocollimator. As shown in Eq. (3), due to the coefficients λ/g, the resolution for the roll measurement is below both pitch and yaw using autocollimation with the same device (i.e. same PSD and collimating lens). To decrease resolution differences between roll, pitch and yaw, we introduce a new measurement method. This method also improves the roll angle measurement resolution, and it makes the measurement system more compact.
B. THE PROPOSED GRATING AUTOCOLLIMATOR
A schematic of the proposed grating autocollimator is shown in Fig. 2 . The laser beam from a laser source (LS) is collimated by a collimating lens (CL 1 ) after reflected by a reflect mirror (RM 1 ). The collimated laser beam then hits a transmission grating (TG), which is mounted on the rotary stage and generates both a 1st-order diffracted beam and -1st-order diffracted beam. Both beams are reflected by an assembly mirror group (AMG) which produces two beams that are parallel to the ±1st order diffracted beams, respectively. The AMG consists of two reflected mirrors (RM 2 and RM 3 ) and it is stationary. After reflected by the AMG, the beams hit the TG again, producing two measurement beams that are parallel to the collimated laser beam. The two measurement beams are focused by two collimating lenses (CL 2 and CL 3 ) and detected by PSD 1 and PSD 2 . Compared to the grating autocollimator system shown in Fig. 1 , the AMG is the only addition in our system. It ensures that the incident light and the outgoing light are parallel, while the propagation direction is opposite. This means that the outgoing beams can pass through the TG twice and ensure that the two measurement beams are parallel to the light-source beam. The measurement principle of the grating autocollimator is analyzed using the transformation matrix based on the reflection-and diffraction-principle. The grating coordinatesystem is converted from the laboratory coordinate-system because of the occurrence of a roll angle γ . The transformation matrix from the laboratory coordinate-system to the grating coordinate-system for a roll angle γ is denoted by G R L . It can be expressed by
The transformation matrix for the conversion from the grating coordinate-system to the laboratory coordinate-system for the roll angle γ is denoted by L R G . It can be expressed by
The transformation matrix of RM 2 and RM 3 can be expressed as
The direction cosine A 1 (in laboratory coordinates) of the collimated laser-beam, coming from the laser source with an angle drift δ in vertical direction, can be expressed as
The direction cosine A 1 (in grating coordinates) of the collimated laser-beam, with an angle drift δ in vertical direction, can be expressed by
Based on the diffraction principle, the direction cosine A 2 (in grating coordinates) of the 1st-order diffracted beam can be expressed by
where φ is the diffraction angle of the 1st-order diffracted beam, and sin φ can be expressed by
where λ is the wavelength of the laser source and g is the grating period of the transmission grating. The direction cosine A 2 (in laboratory coordinates) of the 1st-order diffracted beam can be expressed by
The 1st-order diffracted beam then proceeds to the AMG and is reflected by RM 2 and RM 3 , the direction cosine A 3 (in laboratory coordinates) of the 1st-order diffracted beam, after reflection by the AMG, can be expressed as
After reflection by the AMG, the beam hits the TG the second time. The direction cosine A 3 (in grating coordinate) of the incident beam can be given as
where B = sin γ sin δ − sin φ cos 2γ C = sin φ sin 2γ + cos γ sin δ After grating diffraction, the 1st-order diffracted beam of the second diffraction is selected to be the first measurement beam because it is parallel to the collimated laser-beam from the laser source. Using the diffraction principle, the direction cosine A 4 (in grating coordinates), of the first measurement beam, can be given as
where D = 2 sin 2 γ sin φ + sin γ sin δ E = sin φ sin 2γ + cos γ sin δ Subsequently, the direction cosine of the first measurement beam must be transformed into laboratory coordinates because the detection system was designed and installed using the laboratory coordinate system. This must be done such that the amount of change in the direction of the first measurement beam can be detected directly by the detector.
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The direction cosine A 4 (in laboratory coordinates), can be expressed by
The first measurement beam is detected by the PSD 1 after focusing by the CL 2 . The displacement y 1 of the light spot on the PSD 1 can be derived using Eq. (15):
Because both roll-angle γ and angular-drift δ are small, 1 − (2sinγ sin φ + sin δ) 2 is almost equal to 1, which means Eq. (16) can be simplified to
Similarly, using the transformation matrix based on the reflection-and diffraction-principles, the second measurement beam, detected by PSD 2 , is focused by CL 3 . The displacement y 2 of the light spot on PSD 2 is given by
Using Eq. (17) and Eq. (18), the accurate roll-angle γ , which eliminates the interference of the angular drift δ, can be given by
Substituting Eq. (10) into Eq. (19), we can obtain the roll angle γ , expressed by
As a result, the roll-measurement resolution, using Eq. (20) , is given by
Comparing (3) and (21), the resolution of the proposed grating autocollimator is twice the one of the grating autocollimator. In addition, as shown in Eq. (17) and Eq. (18), the roll angle γ and the angular drift δ (random error) can be separated from the roll angle. This means that the random error δ can be eliminated by the differential measurement see Eq. (19) . Hence, both high accuracy and high stability were obtained. Because the two measurement beams are parallel to the collimated laser beam from the laser source, the measuring system is more compact and can be installed easily.
III. ERROR ANALYSIS OF MEASUREMENT SYSTEM A. CROSSTALK ERROR CAUSED BY PITCH AND YAW
For the roll angle measurement system, the effect of pitch and yaw angles on the angle of roll cannot be ignored.
As shown in Fig. 4(a) , when the TG rotates α around X-axis, the +1st diffraction angle θ +1 can be given by sin θ +1 = sin φ + sin α After being reflected by AMG, the incident angle of the reflected beam I d1 is θ +1 , and it equals to angle θ +1 . Then after being diffracted by TG, the diffraction angle of the second-time diffraction beam α 2 can be given by sin α 2 = sin θ +1 − sin φ = sin θ +1 − sin φ = sin α (23) So, the measurement beam I m2 is always parallel to beam I c , even pitch angle exists. So it is with measurement beam I m1 . Hence, there is no crosstalk error caused by pitch angle for roll angle measurement.
As shown in Fig. 4(b) , when the TG rotates β around Y-axis, the direction cosine B 1 (in grating coordinates) of incident beam I c with β can be given by
where G R Lβ is transformation matrix for the conversion from the laboratory coordinate-system to the grating coordinate-system for the roll angle β. A is the direction cosine of beam I c . After being diffracted by TG, the direction cosine B 2 (in grating coordinates) of +1st order diffraction beam I β1 is given by
Before being reflected by AMG, the direction cosine B 2 (in laboratory coordinates) of +1st order diffraction beam I β1 is given by
where L R Gβ is transformation matrix for the conversion from the grating coordinate-system to the laboratory coordinatesystem with yaw angle β. After being reflected by AMG, the direction cosine B 3 (in laboratory coordinates) of reflected beam I β1 is given by
The direction cosine B 3 (in grating coordinates) of beam I β1 is given by
After the second-time diffraction, the direction cosine B 4 (in grating coordinates) of I m2 is given by
The direction cosine B 4 (in laboratory coordinates) of I m2 is given by
Hence, So, the measurement beam I m2 is always parallel to beam I c , even yaw angle exists. So it is with measurement beam I m1 . Hence, there is no crosstalk error caused by yaw angle for roll angle measurement.
B. EFFECTS OF ASSEMBLY ERRORS OF AMG
The AMG consists of two reflected mirrors. The mirror is very sensitive to the angle variation, so the assembly errors of the AMG are inevitable. If the AMG has no errors, the direction of the diffraction beam should remain unchanged after the beam passes through them, as shown in Fig. 5(a) . There would be three small assembly errors δ 1 , δ 2 and δ 3 around X-, Y-and Z-axis, as shown in Figs. 5(b), 5(c) and 5(d). If there is an assembly error δ 1 around X-axis, the outgoing beam is still parallel to the incident beam, so the assembly error δ 1 has no effect on roll angle measurement.
If there is an assembly error δ 2 around Y-axis, using the transformation matrix based on the reflection-and diffraction-principle, the angle of measurement beam I m1 and I m2 in the vertical direction with roll angle γ can be expressed by
Using Eqs. (31) and (32), the assembly error δ 2 can be eliminated by difference operation
So, the assembly error δ 2 has no effect on roll angle measurement.
If there is an assembly error δ 3 around Z-axis, as shown in Fig. 5(d) . when the TG rotates γ around Z-axis, the relative roll angle between the grating and AMG is γ -δ 3 .
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Hence, similar to section 2.2, the relative roll angle can be given
However, error δ 3 is a constant since the AMG is an assembly, so the error brings only a constant deflection of measurement beam. The direction of measurement beams varies only with the angular change of TG. So, the AMG is quite compatible with the assembly errors, which means that the assembly errors of the AMG have no effect on roll angle measurement.
IV. EXPERIMENT AND RESULTS
To verify the performance of the proposed grating autocollimator, an experimental setup based on the schematic diagram in Fig. 2 was assembled and shown in Fig. 6 . In our experiments, a He-Ne gas laser with a wavelength of 635 nm was chosen as the light source. A transmission grating, which serves as a roll-sensing element, was mounted on an anglegenerating device. The constant g of the chosen transmission grating was 4 µm. The focal length of the collimating lens is 1800 mm. 
A. CONSISTENCY TEST OF LASER SOURCE DRIFTS OF TWO MEASUREMENT BEAMS
As shown in Eqs. (17) and (18), to obtain the accurate rollangle γ by using the the differential measurement method, the measurement errors of the two PSDs caused by angulardrift δ should be consistent, this is the premise that the differential measurement method can be applied. In order to verify that the differential measurement method can effectively eliminate the effect of laser source drift on the measurement results, a consistency tests of laser source drifts of two measurement beams are carried out. As shown in Fig. 2 , before the laser source is incident on the TG, it is reflected by a reflect mirror (RM 1 ). We fix the RM 1 on rotary stage to simulate regular beam drift and compare the response of two measurement beams to the drift. The rotation steps of the rotary stage and the corresponding directional changes of two measurement beams are shown in Fig. 7 . It can be seen that the directions of the two measurement beams have consistent directional changes with the direction of the incident beam.
B. RESOLUTION IMPROVEMENT EFFECTIVENESS TEST
As describe in Part 2, using the Eqs. (3) and (21), the measurement resolution of our system is doubled compares to the typical grating autocollimator, theoretically. That is, for the same angle change, the output of PSDs in proposed system is doubled compares to the typical grating autocollimator. In the experiment, the rotation step of the rotary stage is 10 arcsec from 0 to 50 arcsec, the outputs of the two systems are shown in Fig. 8 . It can be seen that the output of the proposed system is doubled compares to the typical grating autocollimator. 
C. RESOLUTION TEST OF THE PROPOSED GRATING AUTOCOLLIMATOR
An angular deflection device with a flexible hinge was used to measure the resolution of the proposed grating autocollimator. The resolution of the PSD in our system is test before the experiment, the results of the test is shown in Fig. 9(a) . It can be seen that the resolution of the PSD is less than 300 nm. The focal length of the collimating lens is 1800mm in our system. So, using the Eq. (21), the theoretical resolution of roll angle measurement is better than 0.109 arcsec. So, the step size of the rotary stage is 0.1 arcsec. The corresponding time interval for each step was 10 s. The output of the proposed grating autocollimator is shown in Fig. 9(b) . The results show that the output of the roll angle γ can reveal each step clearly, which indicates that the resolution of the system is less than 0.1 arcsec.
D. STABILITY TEST OF THE PROPOSED GRATING AUTOCOLLIMATOR
The setup for the stability test is shown in Fig. 10 . The experimental setup was placed on an air bearing stage in a clean room with constant temperature and vibration isolation. The results of the roll-angle measurement with and without angular drift, following the differential measurements, are shown in Fig. 10 . The drift of the first and second measurement beams are 0.21 arcsec and 0.27 arcsec. The correlation coefficients, which reflect the consistency of the first and second measurement beams was 77.0%, and the stability of the proposed grating autocollimator after the differential measurement was 0.11 arcsec. In other words, the proposed grating autocollimator has very good measurement stability. As a result, it can be concluded that the proposed grating autocollimator can improve both measurement accuracy and measurement stability using the differential measurement. 
E. CALIBRATION OF THE PROPOSED GRATING AUTOCOLLIMATOR
A schematic diagram of the comparative experimental setup is shown in Fig. 11 . The transmission grating and a reflector (RF) are orthogonally mounted on the angle-generating device (AGD). The reflector is a yaw-sensing element of a commercial autocollimator (CA) (ELCOMAT HR, MOLLER Co, GER). Because the transmission grating and the reflector was aligned orthogonally, the roll angle γ , which is detected by the proposed grating autocollimator, and the yaw angle β which is detected by the commercial autocollimator are consistent, and they can be read out simultaneously. The roll-angle range of the angle-generating device is 280 arcsec, and the step size is 28 arcsec. At the same time, 11 date groups were collected using the proposed grating autocollimator and the commercial autocollimator. The measurements are shown in Fig. 12 .
As shown in Fig. 12 , the output γ of the proposed grating autocollimator is identical with the output β. The residuals between them are shown in Fig. 12 . The residual errors range from −0.48 to 0.70 arcsec, and the standard deviation is 0.41 arcsec for a range of 280 arcsec. Three factors produce most of the deviation: the measurement error of the CA, the error introduced by our roll-measurement system, and the random error caused by the environment. The measurement results show the feasibility of the new measurement method with the proposed system.
V. CONCLUSION
This paper proposed and verified a resolution enhanced grating autocollimator, which uses a novel configuration that includes a transmission grating and a mirror group for improved roll-angle measurements. The measurement resolution has been doubled because the measurement beams pass through the transmission grating twice. To verify the effect of the autocollimator, a test setup was built. A comparison with a commercial autocollimator indicates the feasibility of the proposed grating autocollimator. A resolution test experiment was performed and an enhanced resolution of 0.1 arcsec was obtained. Furthermore, very stable measurements can be obtained thanks to the differential measurement method. Stability tests of the proposed grating autocollimator were performed, which indicate a stability of 0.11 arcsec. However, due to the limitation of diffraction angle and AMG size, the moving distance of the grating will not be very long. So, the measurement system is not suitable for measuring the angular change of the long-distance linear stage.
